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Through choosing and xing the relative density matrix within a nite de-
composition set of pure states for a mixed state, the denition of the relative
entropy of entanglement is improved. This improving relative entropy of en-
tanglement can be calculated denitely as the entanglement of formation can.
Moreover it is able to inherit all the physical features of the relative entropy of
entanglement. It is obtained that the improving relative entropy of entangle-
ment is a function of the polarization vectors of the reduced density matrices
of the decomposition density matrices, just like the entanglement of forma-
tion is. In addition, a kind of states, as an extension of Werner's states, is
discussed.
PACS: 03.65.Bz, 89.70.+c
The entanglement is a vital feature of quantum information. It has important applica-
tions for quantum communication and quantum computation, for example, quantum telepor-
tation, [1] massive parallelism of quantum computation, [2] study of decoherence in quantum
computer [3] and the evaluation of quantum cryptographic schemes. [4] Just as is well known,
the measures of entanglement have mainly the entanglement of formation EEF (AB) [5] and
the relative entropy of entanglement ERE(AB) [6]
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where the minimum in Eq.(1) is taken over the set D that includes all the possible decompo-
sitions of pure states of  =
P
i pi
i. Note that iB = TrA
i is the reduced density matrix of
i, S() is von Neumann entropy for the density matrix , S(jjR) = Tr( log −  log R)
is the quantum relative entropy and R can be called the relative density matrix. While
the minimum in Eq.(2) is taken over the set R that includes completely disentangled or
\separable" states. In addition, M. Lewenstein and A. Sanpera gave another measure of
entanglement. [7]
The two kinds of the measures of entanglement stated above have their individual ad-
vantages. The entanglement of formation was rst investigated more suciently and has
such a position that can not be replaced for a pure state since its direct relation with the
binary entropy function and its simplicity in calculation. However, in the case of the mixed
state, there is a surprised result recently, [6] that is, it seems that the entanglement of for-
mation is greater than the entanglement of distillation. In this aspect, the relative entropy
of entanglement has some improvement. Recently, the relative entropy of entanglement
appears promising by a series of the interesting results. [8] Obviously, it will get better if
the computability of the relative entropy of entanglement can be improved. At present, it
seems to me, the main diculty in the calculation of the relative entropy of entanglement is
that the set R is so large that one can not sure when the minimumizing process is nished.
In my point of view, it is a fundamental and crucial property that a physical quality, such
as the relative entropy of entanglement, is computable in practice. Only so is a physical
quality, it can be regarded as a well dened one. In this letter, I focus on this problem and
try to make that the relative entropy of entanglement can be calculated denitely. In other
words, I give such a constructive algorithm that the relative entropy of entanglement has
the same computability as the entanglement of formation has. To do this, I proposed an
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improving denition of the relative entropy of entanglement through choosing and xing the
relative density matrix within a nite decomposition set D of pure states for a mixed state.
Moreover, I used the physical idea of the entanglement of formation to deal with the case
of the mixed state. This improving relative entropy of entanglement, because of with the
fully same physical ideas, is able to inherit all the physical features of the relative entropy
of entanglement. It is obtained that the improving relative entropy of entanglement is the
function of the polarization vectors of the reduced density matrices of the decomposition
density matrices. Therefore, the entanglement of formation and the relative entropy of en-
tanglement both belong to a kind of the generalized measures of entanglement proposed by
me, and I have proved the generalized measures of entanglement with all the known proper-
ties as a good measure. [9] Two known main measures of entanglement are related together
by the polarization vector of the reduced density matrix. Actually, my aim is just to let the
relative entropy of entanglement get better and better to understand the entanglement in
general.
Obviously, it has been seen that the denition of the relative entropy of entanglement (2)
is a little abstract. The reason is there is no a good algorithm to calculate it denitely. In
addition, in the computing the summation of many relative entropies of entanglement may
appear the case that the set of the relative density matrices is expanded when one allows
that the innity minus the innity. This can lead to the unexpected results. [10] It seems
to me that the computable expression rather than the abstract denition about measure of
entanglement is more useful. To do this, let’s rst give out three lemmas.
Lemma one. For two qubits, the polarization vectors A and B corresponding to the
reduced matrices A and B respectively read:
A = Tr( ⊗ I); B = Tr(I ⊗ ); fA;Bg =
1
2
(1 + fA;Bg  ); (3)
where  is the Pauli spin matrix.
Lemma Two. For the pure state of two qubits, there are the relations between the polar-

















a ⊗  ; (5)
in which 0 is the identity matrix. In the case of a pure state j i = aj00i+bj01i+cj10i+dj11i,
it follows that
2 = 2A = 
2
B = 1− 4jad− bcj2: (6)









where  is taken over all the eigenvalues and the eigen density matrices are assumed to be










From the denition of the polarization vectors, Lemma one is easy to get. To prove
Lemma two, it is used the fact that 2 =  for the pure state and Lemma one. It is
easy to prove Lemma three by the simple computation in quantum mechanics. Lemma
three implies that the key to calculate the relative entropy of entanglement is to seek an
appropriate relative density matrix R and to nd out its all the eigenvalues.
Now we can formulate the basic theorems of this letter.
Theorem one. In the case of the pure state P of two qubits, the relative density matrix


































For the maximum entanglement state
ji = 1p
2
(j00i  j11i; jΨi = 1p
2
(j01i  j10i; (10)











































For the disentangled state, because that jj = 1, thus
R((jj = 1)) = 1
2
(I + A  )⊗
1
2
(I + B  ) (13)
The relative entropy of entanglement calculated in terms of R(P) is equal to the entangle-
ment of formation.
In order to prove this theorem, we, in Eq.(2), choose such a subset of R that  is purely
separable as the following
 = A ⊗ B: (14)
For simplicity, only consider the case with two qubits. Because that the eigen density matrix
is pure, A and 





(1 + fA;Bg  ) jfA;Bgj = 1: (15)


















A and fA;Bg = (1;fA;Bg). Because of the orthogonal property
among the dierent , we can choose 1A = −3A = k, 2A = −4A = m and 1B = −2B =
3B = −4B = n. Now let’s calculate the minimum value of the relative entropy. Obviously,
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the method is to nd the partial derivatives of all the variables, set them to zero to form
a equation system, and then solve this equation system. However, it doesn’t exist. So we
only nd the extreme surface xing all the eigenvalues of R.
Suppose that there is no any zero eigenvalue in R and denote that
1 = 1− x; 2 = 1− y; 3 = 1− z; 4 = x+ y + z − 2; (17)
where 1 > x > 0; 1 > y > 0; 1 > z > 0 since each eigenvalue larger than 0 and less than 1.





















x+ y + z − 2 = 0; (20)



















This means that we can have its solutions
1− x = !1; 1− y = !2; 1− z = !3: (22)
Obviously, substituting them back to (17), we have  = 1, this implies that  = !. It is
easy to verify that this gives out the minimum surface. If there are some zero eigenvalues
in R, we can obtain the same result in the similar way. Therefore, the minimum relative





Again substituting ito the chosen R(P) in Theorem one, in terms of all of lemmas, it is
obtained immediately
ERE(
P) = S(PjjR(P)) = S(PfA;Bg) = EEF (P): (24)
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For the mixed state, if theorem one is extended directly, we will nd the result is not
satised. Therefore, in terms of the physical idea of the entanglement of formation to deal
with the case of the mixed state, the following theorem.is obtained.
Theorem two. For the case of the mixed state of two qubits, the improving relative

















where the minimum is taken over the set D that includes all the possible decompositions of
pure states of  =
P
i pi




the total relative density matrix for a mixed state. Moreover,
EIRE(
M)  EEF (M ): (26)














and the denition of EEF in Eq.(1). For more than two qubits, we can use the so-called
coherent vector to expand the reduced density matrix and then make the extension in
similar way. Obviously, Theorem one is a special case of Theorem two. It is not important
to compare the value of the improving relative entropy of entanglement with one of the
relative entropy of entanglement. This is because that they are based on the fully same
physical ideas and then, in fact, they are a kind of measure of entanglement. Just as this,
the improving relative entropy of entanglement is able to inherit all the physical features of
the relative entropy of entanglement. The proof is not very dicult.
Combining with Lemma three and Theorem two, we can obtain a constructive algorithm
to calculate the improving relative entropy of entanglement. In this sense, it can be said
that the improving relative entropy of entanglement has the same computability as the
entanglement of formation has.
Because the relative density matrix is a function of the polarization vectors of the reduced
density matrices of the decomposition density matrices and these vectors are the function of
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the decomposition density matrices. Thus, the improving relative entropy of entanglement
is also a function of the polarization vectors of the reduced density matrices of the decom-
position density matrices and a compound function of the decomposition density matrices.
Of course, it is not a good property that a measure of entanglement depends on the possible
decompositions because it is not very easy to nd all the elements of D. But this exists in
all the known measures of entanglement either. In fact, the improving relative entropy of
entanglement has a little improvement in this aspect. For example, Werner’s state [11]
W = F jΨ−ihΨ−j+ 1− F
3
(jΨ+ihΨ+j+ j+ih+j+ j−ih−j) (28)




















































V , and 

V is the
eigen density matrix with the eigenvalue v. When F = 1=4, it is equal to zero, that is, it
corresponds to a \garbage" density matrix (equal to 1/4 times an identity matrix). When
























the relative density matrix still does not change and so the result is the same. However, it is
fully dierent to calculate the summation of the entropies of the reduced density matrices for
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two kinds of decompositions. Therefore, it is necessary to take the minimum in the denition
of entanglement of formation for those states such as Werner’s. If we extend Werner’s state
to a new kind of states
WE = a+j+ih+j+ a−j−ih−j+ b+jΨ+ihΨ+j+ b−jΨ−ihΨ−j (33)
+c1j00ih00j+ c2j01ih01j+ c3j10ih10j+ c4j11ih11j;




where all the coecients are positive, we can nd that the improving relative entropy of
entanglement also depends on the decomposition. For the simplicity, consider the state
 = j+ih+j+ (1− )j00ih00j: (34)
Its eigen decomposition is








For two kinds of decompositions, we have respectively
SRE(1) = S(jjR(j+ih+j) + (1− )R(j00ih00j)) (36)

















SRE(2) = S(jjv−R(jV −ihV −j) + v+R(jV +ihV +j)) (37)










2 + (2v− − )2 +
(2v+ − )2









2 + (2v− − )2 +
1
2 + (2v+ − )2

 v− log v− + v+ log v+ + 1:
Obviously, SRE(1)  SRE(2) and the equality is only valid when  = 1. Note that in
 = 1=2, SRE(2) takes the minimum and then it is not monotonously increasing with .
Therefore, this implies that the minimum is not unnecessary for the improving entropy of
entanglement in some cases. It seems to me, it is interesting to give a good algorithm that
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can nd all the elements of the set of the pure state decompositions D. But for a kind of
mixed states with the form of the extension of Werner’s state (34), its improving relative




v log v − 1
2
(a− + a+ + 2c1) log
1
2
(a− + a+ + 2c1) (38)
−1
2
(b− + b+ + 2c2) log
1
2
(b− + b+ + 2c2)− 1
2
(b− + b+ + 2c3) log
1
2
(b− + b+ + 2c3)
−1
2
(a− + a+ + 2c4) log
1
2
(a− + a+ + 2c4);




(a− + a+ + c1 + c4 −
p




(a− + a+ + c1 + c4 +
p




(b− + b+ + c2 + c3 −
p




(b− + b+ + c2 + c3 +
p
(b+ − b−)2 + (c2 − c3)2):
Based on Peres’s condition, [12] we can obtain the conclusion that WE is separable if
(a+ + a−)2  (b+ − b−)2 − 4c1c4; (b+ + b−)2  (a+ − a−)2 − 4c2c3: (39)
This kind of states can be used in the study of entanglement.
This research is on progressing.
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